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Noether identities in gravity theories with nondynamical backgrounds
and explicit spacetime symmetry breaking
Robert Bluhm and Amar Sehic
Physics Department, Colby College, Waterville, ME 04901, USA
Gravitational effective field theories with nondynamical backgrounds explicitly break diffeomor-
phism and local Lorentz invariance. At the same time, to maintain observer independence the action
describing these theories is required to be mathematically invariant under general coordinate trans-
formations and changes of local Lorentz bases. These opposing effects of having broken spacetime
symmetries but invariance under mathematical observer transformations can result in theoretical
inconsistency unless certain conditions hold. The consistency constraints that must hold originate
from Noether identities associated with the mathematical observer invariances in the action. These
identities are examined in detail and are used to investigate gravity theories with nondynamical
backgrounds, including when a Stu¨ckelberg approach is used. Specific examples include gravity the-
ories with fixed scalar or tensor backgrounds, Einstein-Maxwell theory with a fixed external current,
and massive gravity.
I. INTRODUCTION
The idea that Lorentz symmetry might not hold at all
energy scales has received much attention in recent years
due to ideas originating from quantum gravity, string the-
ory, and physics at the Planck scale [1, 2]. In addition,
open questions related to dark energy and dark matter
have led to modified theories of gravity being proposed,
where in many cases Lorentz invariance no longer holds as
an exact symmetry. Numerous experiments searching for
violations of Lorentz symmetry in particle and gravita-
tional interactions have been carried out. In these tests,
the Standard-Model Extension (SME) is widely used as
the phenomenological framework [3–5], allowing sensitiv-
ities to Lorentz violation to be expressed as bounds on
the SME coefficients [6].
If local Lorentz invariance (LLI) is violated in gravi-
tational or particle interactions, it is expected that the
effects of this at low energy must be very small, involv-
ing for example suppression by the Planck scale. It is
also expected on physical grounds that observer indepen-
dence should hold even if violations of LLI occur [3, 4].
For these reasons, Lagrangian-based effective field the-
ory provides a suitable approach in theoretical investi-
gations, where Lorentz-violating terms are incorporated
in an observer-independent action as couplings between
fixed background fields and conventional gravitational
and matter fields.
In gravitational theories where violation of LLI is due
to spontaneous symmetry breaking at a more fundamen-
tal level, the background fields represent dynamical vac-
uum solutions, which spontaneously break both LLI and
diffeomorphism invariance. In this case, when Nambu-
Goldstone and massive excitations about the vacuum so-
lution are included, the invariance of the action under
both spacetime symmetries still holds [7]. On the other
hand, when a nondynamical background appears directly
in the Lagrangian, the symmetry breaking is explicit. In
this case, there are no dynamical excitations of the back-
ground field, and the action is not invariant under either
local Lorentz transformations or diffeomorphisms.
When spacetime symmetry breaking is explicit due to
the presence of a nondynamical background, it is known
that potential conflicts can occur between geometrical
identities, conservation laws, and the dynamical equa-
tions of motion [4, 8]. These conflicts can lead to the-
oretical inconsistency unless certain conditions hold. In
contrast, when the symmetry breaking is spontaneous,
the potential conflicts are evaded since the background
fields are dynamical. For these reasons most investiga-
tions using the SME assume spontaneous breaking of dif-
feomorphisms and LLI in the gravity sector. Nonetheless,
there are examples of widely studied gravitational theo-
ries with nondynamical backgrounds that explicitly break
local diffeomorphism invariance and LLI. Examples in-
clude Chern-Simons gravity [9], theories with spacetime-
varying couplings [10–13], and massive gravity [14].
In gravitational theories with explicit breaking and
nondynamical backgrounds, the consistency conditions
that are usually verified are the equations, DµT
µν = 0
and T µν = T νµ, where T µν is the energy-momentum ten-
sor obtained using either a metric or vierbein formalism.
The nondynamical background fields enter these equa-
tions as part of T µν .
In General Relativity (GR), these consistency con-
ditions are obtained by combining the Noether identi-
ties associated with diffeomorphism invariance and LLI
with the dynamical equations of motion for the gravita-
tional and matter fields. The usual interpretation of the
Noether identities in GR is that they provide relations
that hold off shell between the Euler-Lagrange expres-
sions for the matter and gravitational fields [15–19]. In
the case of diffeomorphism invariance, this leads to the
result that the four equations DµT
µν = 0 automatically
hold when the matter fields are on shell. Similarly, in
GR in a vierbein treatment the Noether identities asso-
ciated with LLI provide off-shell relations involving anti-
symmetric combinations of the matter and gravitational
fields and their Euler-Lagrange expressions. On shell,
these result in the six equations T µν = T νµ.
2In contrast, in a theory with a nondynamical back-
ground, both diffeomorphism invariance and LLI are ex-
plicitly broken, and the usual Noether identities stem-
ming from these symmetries no longer apply. Nonethe-
less, the same consistency conditions, DµT
µν = 0 and
T µν = T νµ, must hold on shell even when a nondynam-
ical background is present. In this case, it is because
these equations follow directly from Einstein’s equations,
Gµν = 8πGT µν , where Gµν is the Einstein tensor, com-
bined with the contracted Bianchi identity, DµG
µν = 0,
and the symmetry relation Gµν = Gνµ.
At the same time, it is important to realize that a
form of Noether identities can still be found when there
is explicit spacetime symmetry breaking. In this case,
the identities stem from the requirement of observer in-
dependence, which provides the freedom to pick any co-
ordinate system and any local Lorentz basis. Because
of observer independence, the action is required to be
mathematically invariant under both general coordinate
transformations and changes of local Lorentz bases. This
leads to Noether identities that can be derived using
these observer invariances of the action. In this case,
the identities involve not only the Euler-Lagrange ex-
pressions for the dynamical fields, but also for the nondy-
namical background fields. However, the nondynamical
backgrounds do not have to obey their Euler-Lagrange
equations. Therefore, the usual interpretation of the
Noether identities does not hold, and a different interpre-
tation is required when nondynamical background fields
are present.
The goal of this paper is to examine the Noether iden-
tities that arise from the requirement of observer inde-
pendence in gravitational theories that contain a nondy-
namical background. In addition, it is shown that mak-
ing a detailed examination of these Noether identities can
provide insight into the potential theoretical inconsisten-
cies that can occur in a theory with explicit spacetime
symmetry breaking. For example, when the equations
DµT
µν = 0 or T µν = T νµ are found not to hold in a
gravitational theory, which either makes the theory in-
consistent or imposes restrictions on the physical fields
and/or geometry, the underlying reasons are often not
readily apparent. In this case, it is advantageous to look
directly at the structure of the Noether identities associ-
ated with observer independence in order to understand
how the inconsistency arises or is possibly evaded.
This paper is organized as follows. The next section
begins with a brief review of spacetime symmetry trans-
formations and the usual interpretation of the Noether
identities in GR. Since diffeomorphism invariance is man-
ifest in a metric description while LLI remains hidden,
a vierbein formalism is used to examine LLI. However,
torsion is assumed to vanish in this investigation and
only Riemann spacetimes are considered. Section III dis-
cusses diffeomorphism and LLI breaking in theories with
nondynamical background fields. The Noether identi-
ties that hold as a result of observer independence are
presented, and their interpretation is discussed in com-
parison to GR and theories with spontaneous spacetime
symmetry breaking. Section IV looks at applications of
these Noether identities, including specific examples of
gravity theories with nondynamical backgrounds. Lastly,
Section V gives a summary and conclusions.
II. SPACETIME SYMMETRIES IN GR
In a Lagrangian description of GR, diffeomorphism
invariance and LLI act effectively as local gauge sym-
metries that leave the action describing the theory un-
changed. As a result, both of these local spacetime sym-
metries lead to Noether identities.
First, consider diffeomorphism invariance using a met-
ric description. A generic form of the action in GR con-
sists of an Einstein-Hilbert term and a matter term,
S =
∫
d4x
√−g
[
1
2
R + L(gµν , fψ)
]
. (1)
Here, units with ~ = c = 8πG = 1 are used. The matter
term L depends on the metric tensor, gµν , and dynamical
matter fields generically represented as tensors fψ, where
ψ collectively denotes the relevant tensor indices. For
simplicity, it is assumed that L depends on fψ and at
most first covariant derivatives of fψ.
Under local diffeomorphisms, with vector parameters,
ξµ, tensor fields transform with changes given as Lie
derivatives, while the spacetime coordinates remain un-
changed. Specifically, fψ → fψ + Lξfψ, and
gµν → gµν + Lξgµν = gµν +Dµξν +Dνξµ. (2)
In GR, S is invariant under these transformations.
To reveal the LLI, a vierbein description is used, where
the metric is defined in terms of the vierbein as
gµν = e
a
µ e
b
ν ηab. (3)
Here, Latin indices denote components with respect to
a local Lorentz basis in the tangent plane at each space-
time point, while Greek indices are reserved for spacetime
components.
For simplicity in this investigation, a vierbein formal-
ism restricted to Riemann spacetime (with no torsion) is
used, and spinor fields are not included. Therefore, the
resulting Einstein equations have the same structure as
in GR, except that contributions to T µν can involve local
matter fields as well as the vierbein, which both trans-
form under local Lorentz transformations. It is in this
way that LLI becomes a relevant local symmetry in GR.
Using such a vierbein approach, the action in GR be-
comes
S =
∫
d4x e
[
1
2
R+ L(e aµ , fψy)
]
, (4)
where e is the determinant of the vierbein. The tensors
denoted here as fψy can carry both spacetime and local
3indices, where y collectively denotes the local Lorentz
indices.
Local Lorentz transformations are made with respect
to a given local basis. An infinitesimal transformation of
f
ψ
y has the form
f
ψ
y → fψy +
1
2
ǫab(X[ab])
x
yf
ψ
x, (5)
where ǫab = −ǫba are the six infinitesimal parameters for
the local Lorentz group, and (X[ab])
x
y gives an irreducible
representation. As a specific example, the vierbein, e aµ ,
transforms as a contravariant vector under infinitesimal
local Lorentz transformations. Putting in the appropri-
ate representation, the transformation takes the form
e aµ → e aµ + ǫabe bµ . (6)
At the same time, e aµ transforms as a covariant space-
time vector under diffeomorphisms, and fψy transforms
as a spacetime tensor with indices denoted by ψ. The ac-
tion in (4) is then invariant under both diffeomorphisms
and local Lorentz transformations.
A. Observer transformations
The spacetime coordinate system and local Lorentz ba-
sis do not change under diffeomorphism and local Lorentz
gauge transformations. Only the physical gravitational
and matter fields transform. At the same time, the action
in GR is mathematically invariant under both general
coordinate transformations and rotations of the Lorentz
bases in local frames. These mathematical invariances of
the action are referred to here, respectively, as general
coordinate invariance (GCI) and observer LLI.
In GR, it can be shown that infinitesimal general co-
ordinate transformations, xµ → x′µ = xµ−ξµ, combined
with an expansion of the Lagrangian in ξµ and relabeling
of coordinates, result in transformations of the fields that
have the same mathematical form as the diffeomorphism
gauge transformations. Likewise, in a vierbein treatment,
if inverse parameters, −ǫab, are used to rotate the local
Lorentz basis, the resulting infinitesimal transformations
of local tensor components are mathematically the same
as the local Lorentz transformations.
In GR, and in the absence of symmetry breaking, these
can be viewed as active and passive transformations,
which are inversely related. The gauge symmetries in
fixed coordinate and local frames are the active transfor-
mations, while GCI and observer LLI are passive trans-
formations that move between different observer frames.
B. Noether Identities in GR
Historically, Noether proved two theorems that are im-
portant in field theory [15]. The first involves global
symmetry groups, with transformation parameters that
are constant. It states that a conserved current can be
associated with invariance of the action under a global
symmetry. The second theorem involves local symmetry
groups, with parameters that are spacetime dependent.
It results in identities that must hold when a theory is
invariant under a local symmetry group.
In GR, diffeomorphisms and LLI are local symmetries,
and therefore according to the second theorem there are
associated Noether identities [16–19]. However, in GR,
the same mathematical transformations in the action can
be obtained using either the active forms due to diffeo-
morphism invariance and LLI or using the passive trans-
formations associated with GCI and observer LLI [20].
Thus, the same Noether identities can be obtained using
either type of transformation in the context of GR.
At the same time, it is important to keep in mind that
there are differences between active and passive space-
time transformations. For example, the active transfor-
mations are symmetry transformations, where invariance
of the action only holds when the symmetries are unbro-
ken. It is for this reason that nondynamical background
fields are not permitted in GR. On the other hand, any
realistic action is required to be invariant under the ob-
server transformations so that observer independence is
maintained. In this case, invariance is imposed on the
action regardless of whether there are background fields
or not. Nonetheless, since GR does not allow fixed back-
ground fields, the Noether identities resulting from GCI
and observer LLI are mathematically the same in the
context of GR as those due to diffeomorphism invariance
and LLI in GR.
The Noether identity stemming from diffeomorphism
invariance in GR (or equivalently GCI) is obtained by
performing field variations in the action given in (1),
where the variations in the metric and matter fields are
given as Lie derivatives, with local parameters ξµ, acting
on these fields. The invariance of the action gives∫
d4x
[
1
2
δ(
√−gR)
δgµν
Lξgµν
+
δ(
√−gL)
δgµν
Lξgµν +
√−g δL
δfψ
Lξfψ
]
= 0. (7)
Putting in the expressions for the Lie derivatives, which
depend on the type of the tensor fψ, and performing
integrations by parts, gives a generic expression∫
d4x
√−g ξν [Dµ(Gµν − T µν)
+
δL
δfψ
γψν +Dµ(
δL
δfψ
γψµν)] = 0. (8)
Here, the spacetime indices represented by ψ are
summed, and the coefficients γψν and γψµν represent gen-
eral functions of the field variables, which depend on the
form of fψ.
The Noether identity associated with diffeomorphism
invariance follows from requiring that the intergral in (8)
must vanish for all parameters ξν that vanish on the
4boundary surfaces. This results in four identities that
must be obeyed by the metric and matter fields, which
have the generic form
Dµ(G
µν − T µν) + δL
δfψ
γψν +Dµ(
δL
δfψ
γψµν) = 0, (9)
The first term in these identities contains the Euler-
Lagrange expression for the metric, (Gµν − T µν), while
δL
δfψ
represents the Euler-Lagrange expression for the ten-
sor fψ. For example, if fψ is a contravariant vector with
index ψ replaced by α, and L depends on both fα and
its first derivative, then
δL
δfα
≡ −Dµ
(
∂L
∂Dµfα
)
+
∂L
∂fα
. (10)
Note that as an identity, (9) holds off shell, i.e., the Euler-
Lagrange expressions need not vanish.
The usual interpretation of this Noether identity in
GR is that four of the field components in the theory
are not dynamically independent from the others. Thus,
if all but four Euler-Lagrange equations are set to zero,
then the remaining four equations of motion must hold
automatically. In particular, by combining (9) with the
contracted Bianchi identity, DµG
µν = 0, it also follows
that DµT
µν = 0 automatically holds in GR when the
matter fields are on shell, obeying δL
δfψ
= 0.
In GR, the loss of four independent degrees of freedom
is expected as a result of the local gauge invariance un-
der diffeomorphisms, where four field components can be
fixed or set to zero by imposing gauge-fixing conditions.
Such gauge-fixing conditions, or equivalently coordinate-
fixing conditions, are in fact needed in order to be able to
carry out and solve the initial-value problem in GR. Only
with these extra conditions can an unambiguous evolu-
tion be determined for the dynamical degrees of freedom,
subject to their initial constraints.
To examine Noether’s identity associated with LLI, a
vierbein approach can be used. The action in the absence
of spin and torsion then has the form given in (4), and
fields with local tensor indices transform, as in (5) for
example, under local Lorentz transformations. In this
case, the corresponding Noether identity is obtained by
performing variations having the form of local Lorentz
transformations. The resulting identity consists of six
equations,
(Gµν − T µν)(eµaeνb − eµbeνa)
+
1
2
δL
δf
ψ
y
(X[ab])
x
yf
ψ
x = 0, (11)
which hold off shell. When the matter fields are on shell,
obeying δL
δf
ψ
y
= 0, multiplying by inverse vierbeins and
using the symmetry of the Einstein tensor shows that it
reduces to the requirement that the energy-momentum
tensor must be symmetric, obeying T µν = T νµ.
III. NONDYNAMICAL BACKGROUNDS
When a field theory includes a nondynamical back-
ground field, the usual notion of an active symmetry
transformation no longer applies. This is because the
background field is understood to be unchangeable, and
it therefore cannot be transformed. In this context, it is
useful and more common to distinguish what are known
as particle and observer transformations [4]. These are
the types of transformations that are relevant when there
is spacetime symmetry breaking.
Particle transformations are the same as active trans-
formations when they act on any fields other than the
background fields. However, when a particle transforma-
tion acts on a background field the background remains
fixed and does not transform. Particle transformations
therefore correspond to the physical transformations that
can be performed in a laboratory, where it is not possi-
ble for an experimenter to alter the background fields.
Notice that particle transformations keep the coordinate
system and local Lorentz basis unchanged. In contrast,
observer transformations are passive changes of the coor-
dinates and local bases. Under observer transformations,
all tensor components transform, including those of the
background fields.
Observer independence requires that the Lagrangian
must be a scalar under observer spacetime transforma-
tions. Thus, when couplings to a fixed background ap-
pear in a theory, it is the particle symmetries that are
broken either spontaneously or explicitly, while GCI and
observer LLI remain mathematical invariances of the ac-
tion.
If the background field is dynamical, forming as a re-
sult of spontaneous breaking of the particle symmetries,
then it satisfies the equations of motion as a vacuum so-
lution. In this case, the interpretation of Noether’s iden-
tities is the same as in GR. This is true as well when
excitations about the background occur, since these in-
clude Nambu-Goldstone and massive modes that restore
the spontaneously broken particle symmetries.
However, when a background field is nondynamical,
particle diffeomorphisms and LLI are broken explicitly,
and the Euler-Lagrange expressions for the background
fields need not vanish. Therefore, the usual interpreta-
tion of the Noether identities does not apply, and instead
a modified interpretation is needed.
A. Explicit Symmetry Breaking
To investigate Noether’s identities with explicit dif-
feomorphism breaking, consider a gravitational theory
with a fixed nondynamical background, which is denoted
generically as a tensor k¯λµν···. In a metric description,
the action is
S =
∫
d4x
√−g
[
1
2
R + L(gµν , fψ, k¯λµν···)
]
, (12)
5where L is an observer scalar that depends on the dy-
namical matter fields, fψ, and their first derivatives, as
well as on the nondynamical background, k¯λµν···. With
this form, the action S explicitly breaks particle diffeo-
morphisms while maintaining observer GCI.
To consider local Lorentz transformations, the theory
can be redefined using dynamical vierbeins, e aµ , in place
of the metric. At the same time, the background field can
be written in terms of tensor components given with re-
spect to both the spacetime frame and the local Lorentz
frame, where in the latter case they are denoted as k¯abc···.
While the dynamical vierbein and matter fields transform
under particle diffeomorphisms and local Lorentz trans-
formations, the nondynamical background tensor, k¯λµν···,
remains fixed. Since the coordinate system and local ba-
sis do not change either under these particle transforma-
tions, the components of the background defined with re-
spect to the local Lorentz basis, k¯abc···, must remain fixed
as well. This means that these different fixed components
must be related by a nondynamical vierbein, denoted as
e¯ aµ , which is also fixed under particle diffeomorphisms
and local Lorentz transformations. The defining relation
for the background vierbein is
k¯λµν··· = e¯
a
λ e¯
b
µ e¯
c
ν · · · k¯abc···, (13)
where every quantity in this expression remains fixed un-
der particle diffeomorphisms and local Lorentz transfor-
mations.
The action replacing (12) can then be written as
S =
∫
d4xe
[
1
2
R + L(e aµ , e¯ aµ , fψy, k¯abc···)
]
, (14)
where L now depends on both the physical vierbein, e aµ ,
and the background vierbein, e¯ aµ , in addition to the dy-
namical matter fields and the nondynamical background.
This form of the action explicitly breaks diffeomorphisms
and local Lorentz transformations, but it is mathemati-
cally invariant under observer general coordinate trans-
formations and changes of local Lorentz bases, since all of
the field components in L transform under the observer
transformations.
B. Noether Identities with Fixed Backgrounds
The Noether identities that hold when fixed back-
grounds are present stem from the observer invariances
in the action. The identities are obtained by performing
mathematical field variations in the action having the
form of the local observer transformations. As in GR,
both a metric formalism and a vierbein formalism can be
considered.
1. Metric Formalism
In a metric formalism, the action is given in (12),
and the Noether identity associated with observer GCI
is found to have the general form
Dµ(G
µν − T µν) + δL
δfψ
γψν +Dµ(
δL
δfψ
γψµν)
+
δL
δk¯αβγ···
λναβγ··· +Dµ(
δL
δk¯αβγ···
λ
µν
αβγ···) = 0. (15)
Here, the coefficients γψν , γψµν , λναβγ··· and λ
µν
αβγ··· de-
note functions of the field components, where their spe-
cific forms depend on how L is defined. Note that these
are off-shell equations that hold for all values of the fields.
The potential conflict that arises when diffeomor-
phisms are explicitly broken becomes evident when the
dynamical matter fields are put on shell. Setting δL
δfψ
= 0
and using the contracted Bianchi identity, DµG
µν = 0,
reveals that DµT
µν can only vanish when the remaining
two terms in the Noether identity vanish. At the same
time, consistency with Einstein’s equations requires that
DµT
µν = 0 must hold on shell. Therefore theoretical
consistency requires that on shell the following must hold:
δL
δk¯αβγ···
λναβγ··· +Dµ(
δL
δk¯αβγ···
λ
µν
αβγ···) = 0. (16)
However, unlike the matter fields, the nondynami-
cal background fields need not have vanishing Euler-
Lagrange equations, which allows
δL
δk¯αβγ···
6= 0. (17)
Thus, (16), which contains the fixed background, be-
comes a consistency condition that must be satisfied by
the dynamical fields in the theory.
In general it is possible for the four equations in (16) to
have solutions because the loss of diffeomorphism invari-
ance means that there are four additional degrees of free-
dom in comparison to GR. These are the degrees of free-
dom that in a gauge-invariant theory such as GR would
normally be gauged away. However, explicit breaking no
longer allows this. In a metric formalism, it is natural to
let the metric tensor have the four additional degrees of
freedom. In that case, (16) can be viewed as four con-
straints that can be satisfied by the metric due to its
having four additional degrees of freedom.
At the same time, inconsistency can arise when (16) is
found not to hold. For example, there must be sufficient
coupling with the metric so that at least four components
appear in these equations. If a specific ansatz for the
metric is assumed, as in a spatially homogeneous and
isotropic universe, there might not be enough degrees
of freedom in the metric to satisfy (16). This can lead
to certain geometries being ruled out in the presence of
incompatible backgrounds. In other cases, if there are not
enough metric components but matter couplings occur,
this can put additional conditions on the matter fields,
which in turn can lead to consistency issues in the matter
sector.
Note that even if consistency is maintained, the in-
terpretation of Noether’s identity when there is explicit
6breaking is fundamentally different from the interpreta-
tion in GR. For example, in GR the metric affects the cur-
vature, which remains largely distinguishable from mat-
ter dynamical effects even when both have backreactions
on the other. However, with explicit breaking, the metric
affects not only the curvature but it must also absorb the
physical backreactions that the fixed background tensor
is unable to have.
It is also possible to interpret Noether’s identity when
a background field is present as providing a set of
coordinate-fixing conditions for the metric. The specific
form of the conditions depends on L and the values given
for k¯λµν··· in a particular coordinate frame. Normally
GCI allows freedom in the choice of coordinates. How-
ever, with explicit breaking, when the components of a
fixed background tensor are given specified values, k¯λµν···,
this must be done with respect to a particular coordinate
frame. It is then the conditions from the Noether identity
that makes the chosen coordinate frame compatible with
the dynamical equations of motion. This in turn allows
covariant energy-momentum conservation to hold.
As an illustrative example, if explicit breaking is
caused by a term with L = gµνηµν in the action, where
ηµν = diag(−1, 1, 1, 1) in the chosen coordinate frame,
then the conditions in (16) can be shown to reduce to the
requirement that gµνΓλµν = 0. In GR, these are the con-
ditions for harmonic coordinates, which are commonly
chosen as gauge-fixing conditions. The difference here is
that they emerge as a result of the Noether identity asso-
ciated with GCI and the choice of L and the background
field ηµν .
Theories with explicit diffeomorphism breaking differ
from GR in other important respects as well. For ex-
ample, theories with nondynamical backgrounds have a
different constraint structure, and therefore the number
of physical degrees of freedom can differ [21]. As a result,
the propagation of gravitational excitations is typically
modified. Based on these effects, models can be investi-
gated and in some cases ruled out if they permit unphys-
ical degrees of freedom (such as ghost modes) or if they
contradict experiments. While these are serious issues
concerning the physical viability of theories with nondy-
namical backgrounds, they are not explored further here.
Instead, the focus here remains on the Noether identities,
which in many respects are more restrictive than phe-
nomenological tests, since the Noether identities provide
consistency conditions that must hold purely on theoret-
ical grounds.
2. Vierbein Formalism
Using a vierbein formalism, with the action given in
(14), Noether identities associated with both GCI and
observer LLI can be found.
The identity stemming from GCI has a structure sim-
ilar to (15) except that the matter and background vier-
bein also carry local indices. For the matter fields these
are labeled generically using y to denote the set of local
indices. As a result, the coefficients in the terms involv-
ing the matter fields, fψy, carry local indices as well, and
these are written as γψνy and γ
ψµν
y. The background
vierbein, e¯ aµ , and local tensor, k¯abc···, are respectively
vectors and scalars under general coordinate transforma-
tions, and their contributions can be written explicitly.
The result is
Dµ(G
µν − T µν) + δL
δf
ψ
y
γ
ψν
y +Dµ(
δL
δf
ψ
y
γ
ψµν
y)
−Dµ
(
δL
δe¯
a
µ
gναe¯ aα
)
+
δL
δe¯
a
µ
Dν e¯ aµ
+
δL
δk¯abc···
Dν k¯abc··· = 0. (18)
When the matter fields, fψy, are put on shell, and the
contracted Bianchi identity is used, this identity shows
that the last three terms involving e¯ aµ and k¯abc··· must
vanish in order for covariant energy-momentum conser-
vation to hold. Since in this case, the Euler-Lagrange
expressions for the backgrounds need not vanish,
δL
δe¯
a
µ
6= 0, δL
δk¯abc···
6= 0, (19)
there is again the possibility of conflicts and inconsis-
tency. To avoid these issues it must be that the physi-
cal vierbein, which has four additional modes due to the
lack of diffeomorphism invariance, must take values that
satisfy these conditions. The question of whether this
happens consistently or not then largely depends on the
extent to which vierbein couplings are included in the
terms appearing in (18).
The Noether identity stemming from observer LLI
can be found as well. It is obtained by performing in-
finitesimal observer Lorentz transformations in the ac-
tion, where a general representation of the local Lorentz
group is used for fψx, while vector and tensor represen-
tations are used, respectively, for e¯ aµ and k¯abc···. The
result is
(Gµν − T µν)(eµaeνb − eµbeνa)
+
1
2
δL
δf
ψ
y
(X[ab])
x
yf
ψ
x +
(
δL
δe¯
a
µ
e¯µb − δL
δe¯
b
µ
e¯µa
)
+
δL
δk¯cde···
[
(ηack¯bde··· − ηbck¯ade···)
+ (ηadk¯cbe··· − ηbdk¯cae···)
+ (ηack¯cdb··· − ηbck¯cda···) + · · ·
]
= 0. (20)
When the matter fields are put on shell, obeying
δL
δf
ψ
y
= 0, and the symmetry of the Einstein tensor is
used, it follows that T µν is symmetric only if the ad-
ditional terms in (20) either cancel or vanish. Since
Einstein’s equations (in the absence of spin and torsion)
7give the result that T µν must be symmetric, theoretical
consistency requires that the additional terms associated
with e¯ aµ and k¯abc··· in (20) must equal zero. Since e¯
a
µ
and k¯abc··· are nondynamical backgrounds, their Euler-
Lagrange expressions need not vanish, as indicated in
(19). Therefore, the six conditions resulting from (20)
must be satisfied by the physical vierbein. In general,
this is possible since with violation of LLI the vierbein
has six additional degrees of freedom that would other-
wise be gauge degrees of freedom.
In many cases cancellations can occur in (20) that re-
duce the Noether identity for observer LLI to a trivial
identity. This is the case when only locally Lorentz-
invariant combinations of fields under particle Lorentz
transformations appear in the Lagrangian. For example
if the dynamical vierbein only occurs in the combina-
tion gµν = e
a
µ e
b
ν ηab, and the local backgrounds only
appear through k¯λµν··· = e¯
a
λ e¯
b
µ e¯
c
ν · · · k¯abc···, then each
of these combinations is invariant under particle local
Lorentz transformations, and the Noether identity re-
duces trivially to T µν = T νµ. It is only when there
is mixing between the dynamical and nondynamical lo-
cal tensors in combinations that are not invariant under
particle local Lorentz transformations that a nontrivial
identity results.
As an illustrative example, if explicit breaking of LLI
is caused by a term with L = eµae¯ aµ in the action, and
the matter fields are put on shell, then (20) combined
with requiring T µν = T νµ reduces to a set of symmetry
conditions for the physical and background vierbeins,
eµae¯µb − eµbe¯µa = 0. (21)
These six constraints, which depend on the specific values
of the background vierbein components, must be satisfied
by the physical vierbein.
For example, if the physical and background vier-
beins are expanded in infinitesimal linear approximations
about flat backgrounds,
eµa ≃ δµa − 12hµa + χµa,
e¯µa ≃ ηµa + 12 h¯µa + χ¯µa, (22)
where hµa and h¯µa are symmetric components, and χ
µ
a
and χ¯µa are antisymmetric components, then the condi-
tions in (21) reduce to
χab ≃ χ¯ab. (23)
Consistency in this case requires that the six antisymmet-
ric components of the dynamical vierbein must equal the
six anti-symmetric components of the background vier-
bein.
With explicit violation of LLI, it is possible to inter-
pret the Noether identity stemming from observer LLI
as providing coordinate-fixing conditions for the vier-
bein, such as (21). This is similar to how the condi-
tions stemming from observer GCI can be interpreted as
coordinate-fixing conditions for the metric. Indeed, the
conditions in (21) have been used as gauge-fixing condi-
tions in quantum-gravity calculations where there is no
Lorentz violation, but where a perturbative background-
field formalism is used. In that context, the conditions
(21) fix the vierbein to what is called the Deser-van
Nieuwenhuizen gauge [22]. Evidently, as the above ex-
ample shows, these same conditions can arise when there
is explicit Lorentz breaking. However, with Lorentz vi-
olation, they are not a gauge choice. Instead, they are
conditions imposed by the Noether identity.
IV. APPLICATIONS
In this section, specific models with nondynamical
background fields are examined. This permits a more
detailed look at how the Noether identities impose con-
ditions that either allow a theory to be consistent or rule
it out. Models with spacetime fields and backgrounds
must obey the identity in (15), while models in a vier-
bein formalism must obey both identities (18) and (20).
A. Scalar and Tensor Backgrounds
To begin, consider gravitational models described us-
ing a metric formalism. In this case the Noether identity
is given in (15), and as previously noted the consistency
requirements that follow depend in large part on the type
of background field that is present and how it couples to
the metric tensor.
The most restrictive cases involve nondynamical scalar
backgrounds. Because scalars do not couple directly to
the metric, there are greater limitations on how the ad-
ditional metric modes (which would otherwise be gauge
degrees of freedom) can appear in the consistency condi-
tions stemming from Noether’s identity.
To examine this further, consider a set of nondynam-
ical scalars, φ¯A, labeled with an internal index A. The
on-shell consistency conditions stemming from (15) then
have the form
δL
δφ¯A
∂ν φ¯
A = 0, (24)
where the index A is summed. It is assumed here that
∂ν φ¯
A 6= 0 so that all four diffeomorphisms are explic-
itly broken by the background scalars. Evidently, when
this is the case, and the derivatives are functionally in-
dependent, then the Euler-Lagrange equations, δL
δφ¯A
= 0,
must hold for the scalars despite the fact that they are
nondynamical.
An example involving a single background scalar is
Chern-Simons gravity in four spacetime dimensions. The
Lagrangian
√−gL ∼ θ ∗RR, where θ is a nondynamical
scalar and ∗RR is the gravitational Pontryagin density
[8, 9]. In this case, the Euler-Lagrange equation for the
8scalar gives the condition
δL
δθ
∼ ∗RR = 0, (25)
which must be satisfied by the metric. Thus, the space-
time must either have a vanishing Pontryagin density or
the theory is inconsistent.
In models with Lagrangian terms L(gµν , φ¯A, ∂µφ¯A),
which are functions of the metric, the scalars, and first
derivatives of the scalars with minimal couplings, the
consistency conditions become[
−Dµ ∂L
∂∂µφ¯A
+
∂L
∂φ¯A
]
∂ν φ¯
A = 0. (26)
Since the scalars are nondynamical, it is the extra degrees
of freedom in the metric that must satisfy these condi-
tions. The metric in this case appears in the covariant
derivatives, Dµ, which depend on the connection, Γ
λ
µν .
The conditions in (26) require that four combinations
of the Euler-Lagrange expressions must vanish. However,
in theories with four background scalars, φ¯A, which ex-
plicitly break all four diffeomorphisms, then the deriva-
tives ∂ν φ¯
A will in general be functionally independent.
In this case, the solutions for the metric that satisfy (26)
must also satisfy the Euler-Lagrange equations for φ¯A by
causing the terms in brackets to vanish. This gives the
appearance that the scalars φ¯A are dynamical, since their
Euler-Lagrange equations hold, but in fact they are not.
On the other hand, if potential terms L(gµν , k¯λµν···)
are formed using only the metric, a background tensor
k¯λµν···, and no derivatives, then the consistency condi-
tions in this case are the four equations
−Dλ
(
∂L
∂k¯λµν···
k¯αµν···
)
−Dµ
(
∂L
∂k¯λµν···
k¯λαν···
)
− · · ·
+
∂L
∂k¯λµν···
Dαk¯λµν··· = 0. (27)
In this case, with tensor backgrounds, the Euler-
Lagrange expressions for the background tensors do not
need to vanish, and ∂L
∂k¯λµν···
6= 0 can hold.
Notice that regardless of how many components a non-
dynamical background, e.g., k¯λµν···, might have, there
are always four consistency conditions that follow from
the Noether identity associated with GCI. At the same
time, specifying definite values for the components k¯λµν···
depends on the choice of a four-dimensional coordinate
system.
It is possible, however, to consider a form of the back-
ground tensor that does not depend specifically on the
choice of coordinate system. For example, in a different
coordinate system, the components of the tensor back-
ground can be obtained from the original components by
making a general coordinate transformation. The new
coordinates become functions of the original coordinates,
and they can therefore be written as four independent
scalar functions, φ¯A(x), with labels A = 0, 1, 2, 3. Note
that φ¯A are nondynamical scalars, since both the original
and transformed coordinate systems are specified. The
relationship between the original and transformed back-
ground tensors can then be written as
k¯λµν···(x) = ∂λφ¯
A∂µφ¯
B∂ν φ¯
C · · · k¯ABC···(φ¯). (28)
Here, k¯ABC···(φ¯) are scalar functions that have the same
functional dependence as k¯λµν···(x). Notice that if φ¯
A =
δAµ x
µ, then the new and original coordinates are the
same, and k¯ABC···(φ¯) equals k¯λµν···(x).
If this expression for k¯λµν··· is substituted into the La-
grangian, then L can be considered as a function of the
metric and the four nondynamical scalars, φ¯A, with func-
tional dependence given as L(gµν , φ¯A, ∂µφ¯A). It there-
fore changes from a model depending on an unspecified
number of background components, k¯λµν···, to one that
depends only on four fixed scalars, φ¯A, and their deriva-
tives, ∂µφ¯
A.
In making the switch from the description with k¯λµν···
to one depending on φ¯A, the conditions stemming from
the Noether identities change as well. Instead of the con-
ditions in (27), where the Euler-Lagrange equations for
k¯λµν··· need not hold, the new conditions are those in
(26). In this case, the metric must provide solutions to
the Euler-Lagrange equations for the scalars, φ¯A, which
gives the appearance that the scalars are then dynamical
fields. However, the scalars φ¯A remain fixed nondynami-
cal backgrounds that are related to fixing the coordinates
so that compatibility with GCI is maintained. In both
(26) and (27), it is the existence of the additional metric
degrees of freedom that allows these equations to hold.
B. Stu¨ckelberg Trick
Since changing the background fields from k¯λµν··· to
φ¯A, gives solutions of (26) where the Euler-Lagrange
equations for φ¯A are required to hold, this makes possi-
ble a trick known as the Stu¨ckelberg trick [23]. The trick
is to let the four scalars, φ¯A, be dynamical, which re-
stores diffeomorphism invariance. While the Stu¨ckelberg
approach introduces four additional dynamical degrees of
freedom, it also creates four gauge degrees of freedom by
restoring diffeomorphism invariance. Thus, the number
of independent degrees of freedom does not change.
With scalars φ¯A that are now dynamical, the usual in-
terpretation of Noether’s identity associated with diffeo-
morphism invariance in GR becomes applicable. Notice,
however, that with gauge invariance restored the individ-
ual Euler-Lagrange equations,
−Dµ ∂L
∂∂µφ¯A
+
∂L
∂φ¯A
= 0, (29)
involve both the dynamical scalars and the metric. In
particular, if the diffeomorphism gauge freedom is used
to set the scalars equal to the coordinates, so that φ¯A =
δAµ x
µ, then the metric no longer has four gauge degrees
9of freedom. In this case, it is again extra degrees of free-
dom in the metric that must give solutions of (29), which
therefore parallels the theory with explicit breaking.
The Stu¨ckelberg trick is widely used in theories of mas-
sive gravity, where it appears to eliminate the awkward-
ness associated with having nondynamical backgrounds
and explicit diffeomorphism breaking. However, it is im-
portant to realize that the reason the trick works hinges
on the fact that when nondynamical scalars φ¯A are in-
troduced in place of k¯λµν··· the consistency conditions
following from Noether’s identity require that the Euler-
Lagrange equations for the background scalars must hold.
Without this requirement, it would not be possible to let
the scalars be dynamical and still have an equivalent the-
ory.
Lastly, note that even with the Stu¨ckelberg trick the
original backgrounds, k¯λµν···, never satisfy their Euler-
Lagrange equations and do not become dynamical. The
backgrounds k¯λµν··· become somewhat hidden in the
Stu¨ckelberg approach, where they become dependent on
the gauge fixing and choice of coordinates. Only the four
scalar degrees of freedom become dynamical using the
Stu¨ckelberg approach.
C. Einstein-Maxwell with a Fixed Vector Current
As an example of explicit breaking that contains a dy-
namical matter field in addition to the metric and the
nondynamical background, consider Einstein-Maxwell
theory with a nondynamical external vector current. The
dynamical Maxwell vector field is given as a covariant
vector Aµ, with field strength Fµν = ∂µAν −∂νAµ, while
the nondynamical background is a contravariant vector
k¯µ that couples directly to Aµ. This gives the background
the form of a charge current, k¯µ = Jµ. However, the cur-
rent Jµ in this case is not dynamical, and it does not
have backreactions.
The action in this case is
S =
∫
d4x
√−g
[
1
2
R− 1
4
FµνF
µν +Aµk¯
µ
]
. (30)
With these definitions there is no coupling with the met-
ric in the interaction term, Aµk¯
µ. Diffeomorphism in-
variance and LLI are explicitly broken in S due to the
presence of the nondynamical background, k¯µ. However,
GCI still holds. A Noether identity with the form given
in (15) therefore follows, where Aµ replaces f
ψ and k¯µ is
the background tensor. In this context, the identity can
be written as
gναDµ(G
µν − T µν)−Dν [(DµFµν + k¯ν)Aα]
+(DµF
µν + k¯ν)DαAν
+Dµ
(
∂L
∂k¯α
k¯µ
)
+
∂L
∂k¯µ
Dαk¯
µ = 0. (31)
From this identity it follows that when the Einstein
equations, Gµν = T µν , and Maxwell equations,DµF
µν =
−k¯ν, both hold, the sum of the last two terms in (31)
must therefore vanish. However, k¯µ is nondynamical,
and the variations with respect to it need not vanish,
∂L
∂k¯µ
6= 0. (32)
Note that the background k¯µ is different from a current
Jµ that is carried by dynamical charged particles or mat-
ter fields. With physical charge-carrying fields, the varia-
tions in (31) would be with respect to those fields, and the
corresponding Euler-Lagrange expressions would vanish
on shell.
Here, however, the vanishing of the last two terms in
(31) becomes a constraint that the metric or vector field
must satisfy in addition to their equations of motion.
With ∂L
∂k¯µ
= Aµ, the on-shell consistency conditions be-
come
(DµAν)k¯
µ +Aµ(Dν k¯
µ) = 0. (33)
Writing out the covariant derivatives shows that the met-
ric drops out, and the conditions reduce to
(∂µAν)k¯
µ +Aµ(∂ν k¯
µ) = 0. (34)
The vector Aµ by itself must satisfy these conditions,
and the result is therefore highly constrained and does
not permit generic dynamical interactions. For exam-
ple, if k¯µ = ρ(t)δµ0 , the vector potential must obey
ρ∂0Aν + A0∂νρ = 0, which no longer allows any inde-
pendent dynamical degrees of freedom in Aµ.
Note that in addition to the Noether identity associ-
ated with GCI, consistency with the Maxwell equations,
DµF
µν = −k¯ν , also requires that Dµk¯µ = 0 must hold.
This puts additional constraints on the theory, since the
current conservation is not the result of dynamical matter
equations of motion. Instead, the vanishing covariant di-
vergence requires that ∂µ(
√−gk¯µ) = 0 must hold, which
either restricts the spacetime geometry or requires that
k¯µ must vanish. It is for this reason that the SME does
not include terms of the form k¯µAµ in the gravity-photon
sector even with spontaneous symmetry breaking [4].
As this example illustrates, adding dynamical mat-
ter fields that can interact with the nondynamical back-
ground does not necessarily ease the consistency condi-
tions imposed by Noether’s identity. In fact, it can have
the opposite effect of requiring additional constraints
that need to be satisfied.
D. Massive Gravity
Interest in theories of massive gravity has increased
substantially in recent years, since it was demonstrated
that the models of de Rham, Gabadadze, and Tolley
(dRGT) [14, 24, 25] do not contain a Boulware-Deser
ghost [26]. The dRGT models can therefore be used to
describe physical massive gravitons in the context of ef-
fective field theory.
10
The mass terms in models of massive gravity are con-
structed using potentials, L(gµν , k¯µν), which couple the
metric with a symmetric two-tensor background, obeying
k¯µν = k¯νµ. The nondynamical background is needed to
generate mass terms for gµν , since quadratic and higher-
order products cannot be formed for the metric by it-
self. In the original versions, a Minkowski background,
k¯µν = ηµν was used, but it has also been shown that
ghost-free models with a more general background k¯µν
exist as well.
There are several formulations of massive gravity mod-
els, including both metric and vierbein formalisms. It
is common to use a Stu¨ckelberg approach in theories of
massive gravity. However, these are equivalent to the
theories with nondynamical backgrounds and will not be
considered separately here.
In a metric formalism, the dRGT models are defined
in terms of square roots of the inverse metric contracted
with the background, which can be written as
√
gµαk¯αν =
(√
g−1k¯
)µ
ν
. (35)
The generic form of the Noether identity associated with
GCI then has the form
gναDµ(G
µν − T µν)
− 2Dµ
(
∂L
∂k¯µν
k¯αν
)
+
∂L
∂k¯µν
Dαk¯µν = 0. (36)
Consistency in this case requires that the metric must
take values that set the last two terms to zero on shell.
Only then can covariant energy-momentum conservation
hold.
The presence of square roots in the action requires that
the field variations must be handled with care [27]. The
question of whether the square-root matrices exist is rel-
evant as well. However, in many calculations, it is ei-
ther assumed that the square-root matrices exist or an
antsatz form is used that permits the square root to be
found. In the latter case, however, if not enough degrees
of freedom are included for the metric, this can lead to
inconsistency when no solutions to the Noether identity
are found. For example, when a Minkowski background
field is used, so that k¯µν = ηµν , and the physical metric
gµν is assumed to be spatially flat and homogeneous and
isotropic, then there is no exact solution in dRGT grav-
ity [28]. Here, this can be understood by the fact that
with the assumptions being made, there are not enough
degrees of freedom in the Noether identity (36) to make
the last two terms vanish. However, when an alternative
form for the background is used besides ηµν , which intro-
duces additional components in the constraint equations,
then an exact solution describing a spatially flat homo-
geneous and isotropic universe has been obtained [29].
Using a vierbein as defined in (3) introduces a natural
square root for the metric. Similarly, the symmetric two-
tensor background k¯µν can be written in terms of the
background vierbein as
k¯µν = e¯
a
µ e¯
b
ν k¯ab, (37)
where k¯ab = k¯ba are the components of the background
in the local frame.
The Noether identity stemming from observer LLI can
then be used to look for constraints that the vierbein
must satisfy, which can then shed light on the nature
of the square-root matrices in dRGT models of massive
gravity.
With the Lagrangian potential having the dependent
form L(e aµ , e¯ aµ , k¯ab), the resulting Noether identity is
(Gµν − T µν)(eµaeνb − eµbeνa) + ( δL
δe¯
a
µ
e¯µb − δL
δe¯
b
µ
e¯µa)
+2
δL
δk¯cd
(
ηack¯bd − ηbck¯ad
)
= 0. (38)
However, for Lagrangians where the functional depen-
dence on e aµ , e¯
a
µ , and k¯ab occurs only through the combi-
nations L(gµν , k¯µν), the resulting Noether identity can be
shown to reduce to a trivial identity that does not impose
a constraint on the physical vierbein. This is because
with L depending on the combination k¯µν = e¯ aµ e¯ bν k¯ab,
it follows that
δL
δe¯
a
µ
e¯µb = 2
δL
δk¯cd
ηbck¯ad, (39)
and therefore there are cancelations in (38) that reduce
the identity to simply T µν = T νµ.
In massive gravity, it is common to use a redefinition
of the background vierbein that is unique for the case of
a symmetric two-tensor. The implications of Noether’s
identity stemming from observer LLI can be investigated
in this context as well.
In this approach, instead of using e¯ aµ which links the
components of the background in the spacetime and local
frames, a different background vierbein v¯ aµ is introduced
[30, 31]. It is defined by
k¯µν = v¯
a
µ v¯
b
ν ηab. (40)
In this case, the redefined background vierbein v¯ aµ gives
k¯µν in terms of the same local Minkowski background ηab
that the metric equals in the local frame.
Notice that substituting v¯ aµ and ηab, respectively, for
e¯ aµ and k¯ab in (38) results in a simplified Noether iden-
tity. This is because the last set of terms in (38) with
k¯ab = ηab vanishes identically, and therefore the Noether
identity reduces to
(Gµν − T µν)(eµaeνb − eµbeνa)
+(
δL
δv¯
a
µ
v¯µb − δL
v¯
b
µ
v¯µa) = 0. (41)
However, even in this form, as long as the Lagrangian
still has the dependence L(gµν , k¯µν), with k¯µν now given
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by (40), then a trivial Noether identity follows. In this
case it is because
δL
δv¯
a
µ
v¯µb =
δL
δv¯
b
µ
v¯µa (42)
holds identically due to the form of the dependence.
To obtain a nontrivial Noether identity due to observer
LLI in dRGT massive gravity, a Lagrangian potential
that is not invariant under particle local Lorentz trans-
formations must be used so that there is coupling between
the physical and background vierbeins. An approach that
is used in dRGT theories involves a matrix defined as
γµν = e
µ
av¯
a
ν , (43)
which is not invariant under particle local Lorentz trans-
formations. In a vierbein formulation, the action can
then be written in terms of this matrix, where the La-
grangian is formed as observer scalar combinations of
γµν . In four dimensions there are four independent ob-
server scalars that can be formed as traces of products of
the matrix γµν . These are denoted as
Xn = tr[γ
n], (44)
with n = 1, 2, 3, 4. The functional dependence of the
Lagrangian potential can then be given as L(Xn).
With these definitions, the gravitational action can be
written as
S =
∫
d4x
√−g
[
1
2
R+ L(Xn)
]
. (45)
Matter terms can be included as well. However, these do
not have interactions with the nondynamical background,
and for this reason they are not included here.
The Noether identity stemming from observer LLI in
the action (45) then has the form
(Gµν − T µν)(eµaeνb − eµbeνa)
+
4∑
n=1
∂L
∂Xn
(
∂Xn
∂v¯
a
µ
v¯µb − ∂Xn
∂v¯
b
µ
v¯µa
)
= 0. (46)
In this case, the identity is not trivial due to the coupling
between e aµ and v¯
a
µ , and constraints are imposed on the
physical vierbein.
When the Einstein equations hold on shell, consistency
requires that the sum in (46) must vanish. Depending
on which scalars Xn are included in the action, there can
be multiple solutions or branches that satisfy the con-
sistency conditions [31]. However, a sufficient condition
that results in the sum vanishing is that the physical
vierbein must obey a symmetry condition,
eµav¯µb − eµbv¯µa = 0. (47)
Notice that this symmetry condition (47) has the same
form as the Deser-van Nieuwenhuizen gauge-fixing con-
dition in (21), except that here the backgroud vierbein
v¯µa appears in place of e¯
a
µ .
It is also the case that when (47) holds, then the square
of γµν as defined in (43) obeys
γµαγ
α
ν = g
µαk¯αν . (48)
This therefore verifies the existence of the square-root
matrix for the metric,√
gµαk¯αν = γ
µ
ν , (49)
when the symmetry condition (47) holds.
While the metric formulation of dRGT does not have a
Noether identity stemming from observer LLI, the vier-
bein formulation in terms of γµν does, and it imposes
the conditions (47) on the physical vierbein. Evidently,
when these conditions are satisfied, as found originally in
[30, 31], this also establishes the existence of a square-
root matrix for the metric. Thus, a linkage is formed
between the metric and vierbein formalisms when the
symmetry condition stemming from Noether’s identity is
satisfied.
The effect of the observer LLI Noether identity in mas-
sive gravity defined using the symmetry-breaking matri-
ces γµν is that it imposes consistency conditions on the
physical vierbein that makes the nondynamical vierbein
compatible with the choice of local frame. Once com-
patibility is assured, then the physical and background
vierbeins can be combined to give both gµν and k¯µν . In
the process, the antisymmetric components of the phys-
ical and background vierbeins drop out. However, those
components are necessary in establishing that the square-
root matrix in the metric formalism actually exists. In
this way, the Noether identity due to observer LLI ends
up playing a key role in the metric formulation.
V. SUMMARY AND CONCLUSIONS
Gravity theories with fixed background fields break
diffeomorphism invariance and LLI either explicitly or
spontaneously. In the case of spontaneous breaking, the
background fields arise as dynamical vacuum solutions,
k¯λµν···, which satisfy vacuum Euler-Lagrange equations.
The interpretation of the Noether identities in theories
with spontaneous spacetime symmetry breaking is there-
fore the same as in GR.
In contrast, when a gravitational theory contains a
nondynamical background field, diffeomorphism invari-
ance and LLI are explicitly broken, and a different form
and interpretation of Noether identities emerges. First,
a distinction must be made between the broken parti-
cle symmetries and the mathematical observer transfor-
mations that leave the action invariant. In particular,
the observer invariances are required if a theory is to
maintain observer independence. Therefore, gravity the-
ories with a nondynamical background must still have
local GCI and observer LLI as mathematical invariances
in the action. These mathematical observer invariances
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can then be used to obtain Noether identities that hold
even when there is explicit spacetime symmetry break-
ing. However, an important feature in this context is
that the background fields do not need to satisfy their
Euler-Lagrange equations. This makes the Noether iden-
tities associated with observer independence very differ-
ent from the usual case in GR.
The loss of diffeomorphism invariance and LLI also
means that there are additional metric and vierbein de-
grees of freedom that appear in Einstein’s equations in
comparison to GR. These are the degrees of freedom that
would normally be gauged away in GR or in theories with
spontaneous spacetime symmetry breaking. It is these
extra metric and vierbein modes that have to satisfy the
Noether identities when there is explicit breaking. They
also must absorb the backreactions that the immoveable
background field is unable to have, which then allows
covariant energy-momentum conservation to hold.
When the nondynamical background tensor is given
specified values k¯λµν··· with respect to a particular coor-
dinate frame as well as specified values k¯abc··· with respect
to a particular local Lorentz basis, the observer invari-
ances become fixed. The consistency of the theory then
requires that there must be compatibility between the
form of the background, the choice of coordinates and
local Lorentz frame, and the solutions for the metric and
vierbein. It is the Noether identities associated with the
local observer invariances that give these compatibility
conditions.
In certain examples, the conditions imposed by
Noether’s identities match known gauge-fixing conditions
in GR. However, this does not mean that the solutions
are equivalent to solutions in GR, since the changes in the
constraint structure can also result in additional degrees
of freedom that are physical. Indeed, much of the inter-
est in including background fields in gravity is aimed at
finding modified theories with additional physical modes
that can provide alternative approaches to solving issues
related to quantum gravity, dark energy, or dark matter.
Lastly, in some cases, the Noether identities can rule
out a theory completely or place restrictions on the ge-
ometry or matter dynamics [32]. In this way, they can
provide a useful tool that can be used to investigate grav-
ity theories with nondynamical backgrounds and explicit
spacetime symmetry breaking.
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